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1 Óðàâíåíèå òåïëîïðîâîäíîñòè
Îäíîìåðíîå óðàâíåíèå òåïëîïðîâîäíîñòè
u′t(x, t)− a
2u′′xx(x, t) = U(x, t).
àçìåðíîñòè:
[u] = [Äæ]  Òåìïåðàòóðà,
[U ] =
[
Äæ
ñåê
]
 Ìîùíîñòü èñòî÷íèêîâ,
[
a2
]
=
[
k
cρ
]
=
[
ì
2
ñåê
]
.
Çäåñü k, c, ρ  êîýèöèåíò âíóòðåííåé òåïëîïðîâîäíîñòè ñ ðàçìåð-
íîñòüþ Äæ/ì · ñåê, óäåëüíàÿ òåïëîåìêîñòü ñ ðàçìåðíîñòüþ Äæ/êã,
îáúåìíàÿ ïëîòíîñòü ñ ðàçìåðíîñòüþ êã/ì3, ñîîòâåòñòâåííî.
Íà÷àëüíîå óñëîâèå (íà÷àëüíîå ðàñïðåäåëåíèå òåìïåðàòóðû):
u(x, 0) = f(x).
ðàíè÷íûå óñëîâèÿ
h0(u(0, t)− T0) = k0u
′
x(0, t), (1a)
hl(u(l, t)− Tl) = −klu
′
x(l, t). (1b)
Ýòè óñëîâèÿ ÿâëÿþòñÿ íåîäíîðîäíûìè. ×òîáû ñäåëàòü óñëîâèÿ îä-
íîðîäíûìè ââåäåì íîâóþ óíêöèþ u(x, t)→ v(x, t) ïî ïðàâèëó
u(x, t) = v(x, t) + α+ βx
è ïîä÷èíèì óíêöèè α è β óñëîâèÿì
h0(α− T0) = k0β,
hl(α+ βl − Tl) = −klβ.
Îòñþäà
α =
h0(kl + lhl)T0 + hlk0Tl
h0(lhl + kl) + hlk0
,
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β =
h0hl(Tl − T0)
h0(lhl + kl) + hlk0
.
Äëÿ òàêèõ çíà÷åíèé α è β ïîëó÷àåì, ÷òî óíêöèÿ v(x, t) óäîâëå-
òâîðÿåò óðàâíåíèþ òåïëîïðîâîäíîñòè ñ èçìåíåííîé ïðàâîé ÷àñòüþ
v′t(x, t)− a
2v′′xx(x, t) = V (x, t) = U(x, t)− α
′
t − β
′
tx, (2)
íà÷àëüíîìó óñëîâèþ
v(x, 0) = F (x) = f(x)− α(0)− β(0)x, (3)
è îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì
h0v(0, t) = k0v
′
x(0, t),
hlv(l, t) = −klv
′
x(l, t). (4)
1.1 Îòñóòñòâèå âíåøíèõ èñòî÷íèêîâ: V (x, t) = 0.
Òàêàÿ ñèòóàöèÿ ðåàëèçóåòñÿ, åñëè U(x, t)−α′t−β
′
tx = 0. Â ýòîì ñëó÷àå
óðàâíåíèå (2) ÿâëÿåòñÿ îäíîðîäíûì è åãî ÷àñòíîå ðåøåíèå ìåòîäîì
Ôóðüå èìååò ñëåäóþùèé âèä:
vλ(x, t) = e
−λ2a2t(Aλ cosλx+Bλ sinλx),
ñ λ ≥ 0. åøåíèå íóìåðóåòñÿ ÷èñëîì λ è çàâèñÿò îò äâóõ ïðîèç-
âîëüíûõ ïîñòîÿííûõ Aλ è Bλ. Ïîñêîëüêó óíêöèÿ v óäîâëåòâîðÿåò
îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì, òî îáùåå ðåøåíèå ìîæíî ïðåä-
ñòàâèòü â âèäå ñóïåðïîçèöèè âûøåïðèâåäåííûõ ðåøåíèé. Âíà÷àëå
íåîáõîäèìî íàéòè ñïåêòð âîçìîæíûõ çíà÷åíèé λ.
Èç ãðàíè÷íûõ óñëîâèé (4) ïîëó÷àåì, ÷òî ñïåêòð ñîáñòâåííûõ çíà-
÷åíèé, λ = λn, ïîä÷èíÿåòñÿ òðàíñöåíäåíòíîìó óðàâíåíèþ
tg λnl =
c0n + c
l
n
1− c0nc
l
n
, (5)
à ðåøåíèÿ èìåþò ñëåäóþùèé âèä
vn(x, t) = Ane
−λ2
n
a2t(cosλnx+ c
0
n sinλnx),
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ãäå êîýèöèåíòû An è Bn ñâÿçàíû ñîîòíîøåíèåì
Bn = c
0
mAn.
Çäåñü äëÿ óïðîùåíèÿ çàïèñè ïîëîæåíî:
c0n =
h0
λnk0
, cln =
hl
λnkl
.
Îòìåòèì ñðàçó, ÷òî ñïåêòð çàäà÷è íå çàâèñèò îò òåìïåðàòóð îêðó-
æàþùåé ñðåäû ó êîíöîâ ñòåðæíÿ.
Ó÷èòûâàÿ îäíîðîäíîñòü ãðàíè÷íûõ óñëîâèé ïîëó÷àåì îáùåå ðå-
øåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè, óäîâëåòâîðÿþùåå ãðàíè÷íûì
óñëîâèÿì
v(x, t) =
∞∑
n=1
An(cosλnx+ c
0
n sinλnx)e
−λ2
n
a2t. (6)
Çäåñü ñóììèðîâàíèå ïðîèçâîäèòñÿ ïî âñåì λn, óäîâëåòâîðÿþùèì
óñëîâèþ (5). Èíäåêñ n íóìåðóåò ðåøåíèÿ.
Äëÿ íàõîæäåíèÿ êîýèöèåíòîâ An èñïîëüçóåì íà÷àëüíîå óñëî-
âèå (3). Ïîëó÷àåì ñîîòíîøåíèå
v(x, 0) =
∞∑
n=1
Anφn(x) = F (x),
ãäå φn(x) = cosλnx + c
0
n sinλnx. Óìíîæèì, äàëåå, ýòî ñîîòíîøåíèå
íà óíêöèþ φm(x) è ïðîèíòåãðèðóåì ïî x. Èìååì
∞∑
n=1
An
∫ l
0
φn(x)φm(x)dx =
∫ l
0
φm(x)F (x)dx.
Íåòðóäíî ïîêàçàòü, ÷òî∫ l
0
φn(x)φm(x)dx = δnmΦm,
ãäå
Φm =
(1 + cl 2m )c
0
m + (1 + c
0 2
m )(c
l
m + lλm(1 + c
l 2
m ))
2λm(1 + cl 2m )
.
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Òàêèì îáðàçîì,
Am =
1
Φm
∫ l
0
φm(x)F (x)dx,
è çàäà÷à ðåøåíà ïîëíîñòüþ äëÿ ïðîèçâîëüíûõ ãðàíè÷íûõ óñëîâèé.
åøåíèå èìååò ñëåäóþùèé âèä:
u(x, t) = v(x, t) + α+ βx,
ãäå
v(x, t) =
∞∑
n=1
An(cosλnx+ c
0
m sinλnx)e
−λ2
n
a2t,
An =
1
Φn
∫ l
0
φn(x)F (x)dx,
α =
h0(kl + lhl)T0 + hlk0Tl
h0(lhl + kl) + hlk0
,
β =
h0hl(Tl − T0)
h0(lhl + kl) + hlk0
.
×àñòíûå ñëó÷àè ãðàíè÷íûõ óñëîâèé (1):
Ïðèìåð 1. Íà ïðàâîì êîíöå ñòåðæíÿ ïîääåðæèâàåòñÿ ïîñòîÿí-
íàÿ òåìïåðàòóðà, ðàâíàÿ òåìïåðàòóðå îêðóæàþùåé ñðåäû Tl, à íà
ëåâîì êîíöå òåìïåðàòóðà ìåíÿåòñÿ, íî ñ ïîñòîÿííûì íóëåâûì ãðàäè-
åíòîì. Äëÿ âûïîëíåíèÿ ýòèõ óñëîâèé ïîëîæèì hl →∞ è h0 → 0. Â
ýòîì ñëó÷àå ïîëó÷àåì, ÷òî α = Tl è β = 0. Èç óðàâíåíèÿ (5) ïîëó÷àåì
÷òî tgλml→∞, ò.å.
cosλml = 0. (7)
Òàêèì îáðàçîì, ñïåêòð íàõîäèòñÿ â ÿâíîì âèäå:
λm =
pi(2m− 1)
2l
, m = 1, 2, · · · .
Ïðè ýòîì
φm = cosλmx, Φm =
l
2
,
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èAm =
2
l
∫ l
0
F (x) cos
pix(2m− 1)
2l
dx.
åøåíèå èìååò ñëåäóþùèé âèä:
u(x, t) = Tl +
∞∑
n=1
Ane
−λ2
n
a2t cos
pix(2n− 1)
2l
.
Ïîñêîëüêó âñå ñîáñòâåííûå çíà÷åíèÿ λn =
pi(2n−1)
2l 6= 0, òî ïî
èñòå÷åíèè áîëüøîãî èíòåðâàëà âðåìåíè, t→∞, ïîëó÷àåì:
lim
t→∞ u(x, t) = Tl.
Äðóãèìè ñëîâàìè, òåìïåðàòóðà ñòåðæíÿ ïî âñåé åãî äëèíå ñòàíîâèò-
ñÿ ðàâíîé òåìïåðàòóðå îêðóæàþùåé ñðåäû Tl.
Ïóñòü ñòåðæåíü â íà÷àëüíûé ìîìåíò âðåìåíè áûë íàãðåò ðàâíî-
ìåðíî ïî âñåé ñâîåé äëèíå ñ òåìïåðàòóðîé Ti: f(x) = Ti. Òîãäà
An =
2
l
∫ l
0
(Ti − Tl) cos
pix(2n− 1)
2l
dx
= −
4(−1)n
pi(2n− 1)
(Ti − Tl).
åøåíèå èìååò ñëåäóþùèé âèä:
u(x, t) = Tl − (Ti − Tl)
4
pi
∞∑
n=1
(−1)n
(2n− 1)
e−λ
2
n
a2t cos
pix(2n− 1)
2l
.
Äëÿ ÷èñëåííîãî àíàëèçà óäîáíî èçìåðÿòü âðåìÿ â åäèíèöàõ t∗ =
4l2/pi2a2, äëèíó â åäèíèöàõ äëèíû ñòåðæíÿ, à òåìïåðàòóðó â åäèíè-
öàõ òåìïåðàòóðû ïðàâîãî êîíöà Tl. Â ýòèõ åäèíèöàõ Ti, t, x ÿâëÿþòñÿ
áåçðàçìåðíûìè âåëè÷èíàìè, è ìû ïîëó÷àåì ðàñ÷åòíóþ îðìóëó:
u(x, t)/Tl = 1− (Ti − 1)
4
pi
∞∑
n=1
(−1)n
(2n− 1)
e−(2n−1)
2t cos
pix(2n− 1)
2
.
×èñëåííûé àíàëèç ýòîé îðìóëû èçîáðàæåí íà èñ. 1. Ñ òå÷å-
íèåì âðåìåíè òåìïåðàòóðà ïðàâîãî êîíöà íå ìåíÿåòñÿ è ðàâíÿåòñÿ
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èñ. 1: Íà ðèñóíêå ïðèâåäåíà çàâèñèìîñòü òåìïåðàòóðû ñòåðæíÿ îò âðåìåíè â
åäèíèöàõ òåìïåðàòóðû ïðàâîãî êîíöà Tl. Çà åäèíèöó âðåìåíè ïðèíÿòà âåëè÷èíà
t∗ = 4l2/pi2a2, à çà åäèíèöó äëèíû  äëèíà ñòåðæíÿ. Áîëüøàÿ òîëùèíà ëèíèè
ñîîòâåòñòâóåò áîëüøåìó ìîìåíòó âðåìåíè.
òåìïåðàòóðå Tl, â òî âðåìÿ êàê òåìïåðàòóðà âäîëü ñòåðæíÿ ïàäàåò
è óæå äëÿ ìîìåíòà âðåìåíè t = 10 ïðàêòè÷åñêè âåñü ñòåðæåíü èìååò
òåìïåðàòóðó, ðàâíóþ òåìïåðàòóðå ïðàâîãî êîíöà.
Ïðèìåð 2. Íà ïðàâîì êîíöå ñòåðæíÿ ïîääåðæèâàåòñÿ ïîñòîÿí-
íàÿ òåìïåðàòóðà, ðàâíàÿ òåìïåðàòóðå îêðóæàþùåé ñðåäû Tl, à íà
ëåâîì êîíöå òåìïåðàòóðà ìåíÿåòñÿ, íî ñ ïîñòîÿííûì íåíóëåâûì ãðà-
äèåíòîì, ðàâíûì T ′0. Äëÿ âûïîëíåíèÿ ýòèõ óñëîâèé çàìåíèì âíà÷àëå
T0 = −T
′
0k0/h0, à çàòåì óñòðåìèì hl → ∞ è h0 → 0. Â ýòîì ñëó÷àå
ïîëó÷àåì, ÷òî α = Tl − lT
′
0 è β = T
′
0. Èç óðàâíåíèÿ (5) ïîëó÷àåì
òàêîé æå ñïåêòð ñîáñòâåííûõ çíà÷åíèé, êàê è â ïðåäûäóùåì ñëó÷àå.
Â èòîãå ðåøåíèå çàäà÷è èìååò ñëåäóþùèé âèä:
u(x, t) = Tl + T
′
0(x− l) +
∞∑
n=1
Ane
−λ2
n
a2t cos
pix(2n− 1)
2l
.
Ïîñêîëüêó âñå ñîáñòâåííûå çíà÷åíèÿ λn =
pi(2n−1)
2l 6= 0, òî ïî
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èñòå÷åíèè áîëüøîãî èíòåðâàëà âðåìåíè, t→∞, ïîëó÷àåì:
lim
t→∞
u(x, t) = Tl + T
′
0(x − l).
Äðóãèìè ñëîâàìè, òåìïåðàòóðà ñòåðæíÿ ïî âñåé åãî äëèíå ëèíåéíî
çàâèñèò îò ïîëîæåíèÿ íà ñòåðæíå. Íà ïðàâîé ãðàíèöå, ïðè x = l,
ïîëó÷àåì, ÷òî òåìïåðàòóðà ðàâíà òåìïåðàòóðå îêðóæàþùåé ñðåäû
Tl, â òî âðåìÿ êàê íà ëåâîé ãðàíèöå, ïðè x = 0, ïîëó÷àåì Tl−T
′
0l < Tl
ïðè óñëîâèè T ′0 > 0.
Ïóñòü ñòåðæåíü â íà÷àëüíûé ìîìåíò âðåìåíè áûë íàãðåò ðàâíî-
ìåðíî ïî âñåé ñâîåé äëèíå äî òåìïåðàòóðû Ti: f(x) = Ti. Òîãäà
An =
2
l
∫ l
0
(Ti − Tl + T
′
0(l − x)) cos
pix(2n− 1)
2l
dx
= −
4(−1)n(Ti − Tl)
pi(2n− 1)
+
8lT ′0
pi2(2n− 1)2
.
åøåíèå èìååò ñëåäóþùèé âèä:
u(x, t) = Tl + T
′
0(x− l) +
∞∑
n=1
[
−
4(−1)n(Ti − Tl)
pi(2n− 1)
+
8lT ′0
pi2(2n− 1)2
]
e−λ
2
n
a2t cos
pix(2n− 1)
2l
.
Äëÿ ÷èñëåííîãî àíàëèçà óäîáíî èçìåðÿòü âðåìÿ â åäèíèöàõ t∗ =
4l2/pi2a2, äëèíó â åäèíèöàõ äëèíû ñòåðæíÿ, à òåìïåðàòóðó â åäèíè-
öàõ òåìïåðàòóðû ïðàâîãî êîíöà. Â ýòèõ åäèíèöàõ Ti, T
′
0, t, x ÿâëÿþò-
ñÿ áåçðàçìåðíûìè âåëè÷èíàìè, è ìû ïîëó÷àåì ðàñ÷åòíóþ îðìóëó:
u(x, t)/Tl = 1 + T
′
0(x− 1) +
∞∑
n=1
[
−
4(−1)n(Ti − 1)
pi(2n− 1)
+
8T ′0
pi2(2n− 1)2
]
e−(2n−1)
2t cos
pix(2n− 1)
2
.
×èñëåííûé àíàëèç ýòîé îðìóëû èçîáðàæåí íà èñ. 2. Ñ òå÷å-
íèåì âðåìåíè òåìïåðàòóðà ïðàâîãî êîíöà íå ìåíÿåòñÿ è ðàâíÿåòñÿ
òåìïåðàòóðå Tl â òî âðåìÿ êàê òåìïåðàòóðà âäîëü ñòåðæíÿ ïàäàåò è
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èñ. 2: Íà ðèñóíêå ïðèâåäåíà çàâèñèìîñòü òåìïåðàòóðû ñòåðæíÿ îò âðåìåíè â
åäèíèöàõ òåìïåðàòóðû ïðàâîãî êîíöà Tl. Çà åäèíèöó âðåìåíè ïðèíÿòà âåëè÷èíà
t∗ = 4l2/pi2a2, à çà åäèíèöó äëèíû  äëèíà ñòåðæíÿ. Áîëüøàÿ òîëùèíà ëèíèè
ñîîòâåòñòâóåò áîëüøåìó ìîìåíòó âðåìåíè.
óæå äëÿ ìîìåíòà âðåìåíè t = 10 âûõîäèò íà ñâîå ïðåäåëüíîå çíà÷å-
íèå ñ óãëîì íàêëîíà T ′0.
Ïðèìåð 3. Íà ïðàâîì êîíöå ñòåðæíÿ ïîääåðæèâàåòñÿ ïîñòîÿí-
íàÿ òåìïåðàòóðà, ðàâíàÿ òåìïåðàòóðå îêðóæàþùåé ñðåäû Tl; íà ëå-
âîì êîíöå ïîääåðæèâàåòñÿ ïîñòîÿííàÿ òåìïåðàòóðà, ðàâíàÿ òåìïå-
ðàòóðå îêðóæàþùåé ñðåäû T0. Äëÿ âûïîëíåíèÿ ýòèõ óñëîâèé óñòðå-
ìèì hl → ∞ è h0 → ∞. Â ýòîì ñëó÷àå ïîëó÷àåì, ÷òî α = T0 è
β = Tl−T0. Èç óðàâíåíèÿ (5) ïîëó÷àåì ÷òî tg λnl = 0, ÷òî ïðèâîäèò
ê ñïåêòðó:
λn =
pin
l
, n = 1, 2, . . . .
åøåíèå èìååò ñëåäóþùèé âèä:
u(x, t) = T0 + (Tl − T0)
x
l
+
∞∑
n=1
Ane
−λ2
n
a2t sin
pixn
l
,
ãäå
An =
2
l
∫ l
0
F (x) sin
pixn
l
dx.
 10 
Ïî èñòå÷åíèþ áîëüøîãî âðåìåíè ïîëó÷àåì îæèäàåìûé ðåçóëüòàò
lim
t→∞
u(x, t) = T0 + (Tl − T0)
x
l
,
ò.å. óñòàíîâèëîñü ñòàöèîíàðíîå ëèíåéíîå ðàñïðåäåëåíèå òåìïåðàòó-
ðû îò òåìïåðàòóðû T0 íà ëåâîì êîíöå ñòåðæíÿ è äî òåìïåðàòóðû Tl
íà ïðàâîì åãî êîíöå.
Ïóñòü ñòåðæåíü â íà÷àëüíûé ìîìåíò âðåìåíè áûë íàãðåò ðàâíî-
ìåðíî ïî âñåé ñâîåé äëèíå äî òåìïåðàòóðû Ti: f(x) = Ti. Òîãäà
An =
2
l
∫ l
0
(Ti − T0 − (Tl − T0)
x
l
) sin
pinx
l
dx
=
2[1− (−1)n](Ti − T0)
pin
+
2(−1)n(Tl − T0)
pin
.
åøåíèå èìååò ñëåäóþùèé âèä:
u(x, t) = T0 + (Tl − T0)
x
l
+
∞∑
n=1
[
2[1− (−1)n](Ti − T0)
pin
+
2(−1)n(Tl − T0)
pin
]
e−λ
2
n
a2t sin
pinx
l
.
àçäåëèì ñóììèðîâàíèå ïî íå÷åòíûì è ÷åòíûì èíäåêñàì. Ïîëó÷àåì:
u(x, t) = T0 + (Tl − T0)
x
l
+
[
Ti −
T0 + Tl
2
] ∞∑
n=1
4e−λ
2
2n−1
a2t
pi(2n− 1)
sin
pi(2n− 1)x
l
+ [Tl − T0]
∞∑
n=1
e−λ
2
2n
a2t
pin
sin
2pinx
l
.
Ïîñêîëüêó âñå ñîáñòâåííûå çíà÷åíèÿ λn =
pin
l 6= 0, òî ïî èñòå÷å-
íèè áîëüøîãî èíòåðâàëà âðåìåíè, t→∞, ïîëó÷àåì:
lim
t→∞
u(x, t) = T0 + (Tl − T0)
x
l
.
Äðóãèìè ñëîâàìè, òåìïåðàòóðà ñòåðæíÿ ïî âñåé åãî äëèíå ëèíåéíî
çàâèñèò îò ïîëîæåíèÿ íà ñòåðæíå. Íà ïðàâîé ãðàíèöå, ïðè x = l, ïî-
ëó÷àåì, ÷òî òåìïåðàòóðà ðàâíà òåìïåðàòóðå îêðóæàþùåé ñðåäû Tl,
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íà ëåâîé ãðàíèöå, ïðè x = 0, òîæå ïîëó÷àåì òåìïåðàòóðó îêðóæàþ-
ùåé ñðåäû T0. Çàìåòèì, ÷òî êîíå÷íîå ðàñïðåäåëåíèå òåìïåðàòóðû íå
çàâèñèò îò íà÷àëüíîãî ðàñïðåäåëåíèÿ òåìïåðàòóðû ïî äëèíå ñòåðæ-
íÿ.
Äëÿ ÷èñëåííîãî àíàëèçà óäîáíî èçìåðÿòü âðåìÿ â åäèíèöàõ t∗ =
l2/pi2a2, äëèíó â åäèíèöàõ äëèíû ñòåðæíÿ, à òåìïåðàòóðó â åäèíèöàõ
òåìïåðàòóðû ïðàâîãî êîíöà. Â ýòèõ åäèíèöàõ Ti, T0, t, x ÿâëÿþòñÿ
áåçðàçìåðíûìè âåëè÷èíàìè, è ìû ïîëó÷àåì ðàñ÷åòíóþ îðìóëó:
u(x, t)/Tl = T0 + (1 − T0)x +
∞∑
n=1
[
2[1− (−1)n](Ti − T0)
pin
+
2(−1)n(1 − T0)
pin
]
e−n
2t sinpinx.
×èñëåííûé àíàëèç ýòîé îðìóëû èçîáðàæåí íà èñ. 3. Ñ òå÷åíèåì
âðåìåíè òåìïåðàòóðà êîíöîâ ñòåðæíÿ íå ìåíÿåòñÿ, â òî âðåìÿ êàê
òåìïåðàòóðà âäîëü ñòåðæíÿ ïàäàåò è óæå äëÿ ìîìåíòà âðåìåíè t =
10 âûõîäèò íà ñâîå ïðåäåëüíîå çíà÷åíèå.
0.5 1
x
1
2
3
4
5
u Tl/
0.5 1
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1
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3
4
5
u Tl/
0.5 1
x
1
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3
4
5
u Tl/
èñ. 3: Íà ðèñóíêàõ ïðèâåäåíà çàâèñèìîñòü òåìïåðàòóðû ñòåðæíÿ îò âðåìåíè
â åäèíèöàõ òåìïåðàòóðû ïðàâîãî êîíöà Tl äëÿ òðåõ çíà÷åíèé íà÷àëüíîé òåìïå-
ðàòóðû: Ti = 0.5, 2.5, 4.5. Çà åäèíèöó âðåìåíè ïðèíÿòà âåëè÷èíà t
∗
= l2/pi2a2,
à çà åäèíèöó äëèíû  äëèíà ñòåðæíÿ. Áîëüøàÿ òîëùèíà ëèíèè ñîîòâåòñòâóåò
áîëüøåìó ìîìåíòó âðåìåíè.
1.2 Îáùèé ñëó÷àé: V (x, t) 6= 0.
Â ïðåäûäóùåì ïàðàãðàå ìû âûÿñíèëè, ÷òî îáùåå ðåøåíèå îäíîðîä-
íîãî óðàâíåíèÿ, óäîâëåòâîðÿþùåå ãðàíè÷íûì óñëîâèÿì, èìååò âèä
(6). Ïî ýòîé ïðè÷èí áóäåì èñêàòü ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ
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â ñëåäóþùåì âèäå:
v(x, t) =
∞∑
n=1
φn(x)Tn(t) (8)
ñ íåèçâåñòíîé óíêöèåé Tn(t). Çäåñü φn(t) = cosλnx + c
0
n sinλnx.
Ïðè÷èíà ïîèñêà ðåøåíèÿ â òàêîé îðìå â òîì, ÷òî ðåøåíèå íåîäíî-
ðîäíîãî óðàâíåíèÿ äîëæíî óäîâëåòâîðÿòü òåì æå ãðàíè÷íûì óñëî-
âèÿì.
Ïðåäñòàâèì óíêöèþ V (x, t) â âèäå ðàçëîæåíèÿ ïî òåì æå óíê-
öèÿì
V (x, t) =
∞∑
n=1
φn(x)γn(t),
ãäå
γn(t) =
1
Φn
∫ l
0
φn(x)V (x, t)dx.
Ïîäñòàâëÿÿ ðåøåíèå â îðìå (8) â íåîäíîðîäíîå óðàâíåíèå ïî-
ëó÷àåì óðàâíåíèå äëÿ îïðåäåëåíèÿ Tn(t):
T˙n(t) + a
2λ2nTn(t) = γn(t). (9)
Äëÿ ðåøåíèÿ ýòîãî óðàâíåíèÿ íåîáõîäèìî çíàòü íà÷àëüíûå äàííûå.
Â íà÷àëüíûé ìîìåíò âðåìåíè
v(x, 0) =
∞∑
n=1
φn(x)Tn(0) = F (x),
îòêóäà
Tn(0) =
1
Φn
∫ l
0
φn(x)F (x)dx.
åøàåì óðàâíåíèå (9) ìåòîäîì âàðèàöèè ïîñòîÿííîé. åøåíèå
îäíîðîäíîãî óðàâíåíèÿ èìååò ñëåäóþùèé âèä:
Ce−λ
2
n
a2t.
Ñ÷èòàÿ ïîñòîÿííóþ C óíêöèåé âðåìåíè ïîëó÷àåì óðàâíåíèå äëÿ
âû÷èñëåíèÿ C(t):
C˙(t) = eλ
2
n
a2tγn(t),
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îòêóäà
C(t) = C +
∫ t
0
eλ
2
n
a2τγn(τ)dτ.
Òàêèì îáðàçîì, îáùåå ðåøåíèå èìååò ñëåäóþùèé âèä
Tn(t) = e
−λ2
n
a2t(C +
∫ t
0
eλ
2
n
a2τγn(τ)dτ).
Äëÿ îïðåäåëåíèÿ C ïîëîæèì t = 0, ïîëó÷èì:
Tn(0) = C.
Òàêèì îáðàçîì, ìû ïîëó÷èëè îáùåå ðåøåíèå ïîñòàâëåííîé çàäà÷è:
Tn(t) = e
−λ2
n
a2tTn(0) +
∫ t
0
e−λ
2
n
a2(t−τ)γn(τ)dτ, (10)
ãäå
Tn(0) =
1
Φn
∫ l
0
φn(x)F (x)dx.
Ïåðâîå ñëàãàåìîå â (10) ïðåäñòàâëÿåò ñîáîé ðåøåíèå îäíîðîäíîé çà-
äà÷è, â îòñóòñòâèè âíåøíèõ èñòî÷íèêîâ. Âòîðîå ñëàãàåìîå ïðåäñòàâ-
ëÿåò ñîáîé ÷àñòíîå ðåøåíèå íåîäíîðîäíîé çàäà÷è. àññìîòðèì ïðè-
ìåð.
Ïðèìåð 4. Íà ïðàâîì êîíöå ñòåðæíÿ ïîääåðæèâàåòñÿ ïîñòîÿí-
íàÿ òåìïåðàòóðà, ðàâíàÿ òåìïåðàòóðå îêðóæàþùåé ñðåäû Tl; íà ëå-
âîì êîíöå ïîääåðæèâàåòñÿ ïîñòîÿííàÿ òåìïåðàòóðà, ðàâíàÿ òåìïå-
ðàòóðå îêðóæàþùåé ñðåäû T0. Ïåðâîíà÷àëüíî ñòåðæåíü áûë ðàâíî-
ìåðíî íàãðåò ïî âñåé äëèíå ñ òåìïåðàòóðîé Ti. Â ïîñëåäóþùåå âðåìÿ
ñòåðæåíü ðàâíîìåðíî íàãðåâàåòñÿ ïî âñåé äëèíå: U(x, t) = U .
Ïîäîáíàÿ çàäà÷à, áåç èñòî÷íèêîâ òåïëà, áûëà ðåøåíà â ïðåäûäó-
ùåì ðàçäåëå, ïóíêò 3. Èñïîëüçóÿ ýòî ðåøåíèå ïðåäñòàâèì èñêîìîå
ðåøåíèå â ñëåäóþùåì âèäå:
u(x, t) = T0 + (Tl − T0)
x
l
+
∞∑
n=1
Tn(t)φn(t),
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ãäå φn(t) = sin
pixn
l , Φn = l/2, è
Tn(0) = An =
2
l
∫ l
0
(T − T0 − (Tl − T0)
x
l
) sin
pinx
l
dx
=
2[1− (−1)n](T − T0)
pin
+
2(−1)n(Tl − T0)
pin
.
Ïðåäñòàâèì óíêöèþ V (x, t) = U â âèäå ðàçëîæåíèÿ ïî òåì æå
óíêöèÿì
V (x, t) =
∞∑
n=1
φn(x)γn,
ãäå
γn =
1
Φn
∫ l
0
φn(x)V (x, t)dx =
2U
l
∫ l
0
sin
pixn
l
dx
=
2U(1− (−1)n)
pin
.
Òàêèì îáðàçîì,
Tn(t) = e
−λ2
n
a2tTn(0) +
∫ t
0
e−λ
2
n
a2(t−τ)γndτ
= Ane
−λ2
n
a2t + γn
1− e−λ
2
n
a2t
λ2na
2
,
è ðåøåíèå èìååò ñëåäóþùèé âèä:
u(x, t) = T0 + (Tl − T0)
x
l
+
∞∑
n=1
(Ane
−λ2
n
a2t + γn
1− e−λ
2
n
a2t
λ2na
2
) sin
pixn
l
. (11)
Êàêîå ðàñïðåäåëåíèå òåìïåðàòóðû óñòàíîâèòñÿ â ñòåðæíå ïî èñòå-
÷åíèè äîñòàòî÷íî áîëüøîãî âðåìåíè? Äëÿ îòâåòà íà ýòîò âîïðîñ âû-
÷èñëèì ïðåäåë t→∞ â îðìóëå (11). Ïîëó÷èì
lim
t→∞
u(x, t) = T0 + (Tl − T0)
x
l
+
∞∑
n=1
γn
λ2na
2
sin
pixn
l
.
 15 
Ïîñëåäíÿÿ ñóììà âû÷èñëÿåòñÿ òî÷íî:
∞∑
n=1
γn
λ2na
2
sin
pixn
l
=
U
2a2
(l − x)x.
Òàêèì îáðàçîì, ïîëó÷àåì ïðåäåëüíîå ðàñïðåäåëåíèå òåìïåðàòóðû:
lim
t→∞
u(x, t) = T0 + (Tl − T0)
x
l
+
U
2a2
(l − x)x.
Íà êîíöàõ ñòåðæíÿ íåò äîïîëíèòåëüíîãî âêëàäà, è ðàñïðåäåëåíèå
òåìïåðàòóðû èìååò âèä ïàðàáîëû. ×òîáû íàéòè òî÷êó ñ ìàêñèìàëü-
íîé òåìïåðàòóðîé âû÷èñëèì ïðîèçâîäíóþ ïî x îò âûøåïðèâåäåííîé
îðìóëû è ïðèðàâíÿåì íóëþ:
(Tl − T0)
1
l
+
U
2a2
(l − 2x) = 0.
Îòñþäà íàõîäèì êîîðäèíàòó òî÷êè ñ ìàêñèìàëüíîé òåìïåðàòóðîé:
xmax
l
=
Tl − T0 +
Ul2
2a2
Ul2
a2
.
Òåìïåðàòóðà ñòåðæíÿ â ýòîé òî÷êå
u(xmax, t)t→∞ =
(2Tl +
Ul2
a2 )
2 + 4T0(T0 − 2Tl +
Ul2
a2 )
8Ul
2
a2
.
Äëÿ ÷èñëåííîãî àíàëèçà óäîáíî èçìåðÿòü âðåìÿ â åäèíèöàõ t∗ =
l2/pi2a2, äëèíó â åäèíèöàõ äëèíû ñòåðæíÿ, ìîùíîñòü èñòî÷íèêà â
åäèíèöàõ Tl/t
∗
, à òåìïåðàòóðó â åäèíèöàõ òåìïåðàòóðû ïðàâîãî êîí-
öà. Â ýòèõ åäèíèöàõ U, Ti, T
′
0, t, x ÿâëÿþòñÿ áåçðàçìåðíûìè âåëè÷è-
íàìè, è ìû ïîëó÷àåì ðàñ÷åòíóþ îðìóëó:
u(x, t)/Tl = T0 + (1 − T0)x
+
∞∑
n=1
[{
2[1− (−1)n](Ti − T0)
pin
+
2(−1)n(1 − T0)
pin
}
e−n
2t
+
2U(1− (−1)n)
pin3
(1− e−n
2t)
]
sinpinx.
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Ïðåäåëüíîå ðàñïðåäåëåíèå òåìïåðàòóðû: êîîðäèíàòà òî÷êè ñ ìàêñè-
ìàëüíîé òåìïåðàòóðîé:
xmax =
1− T0 +
1
2pi
2U
pi2U
,
è òåìïåðàòóðà ñòåðæíÿ â ýòîé òî÷êå
u(xmax, t)t→∞
Tl
=
(2 + pi2U)2 + 4T0(T0 − 2 + pi
2U)
8pi2U
.
Âûáåðåì, äëÿ áîëüøåé íàãëÿäíîñòè, T0 = 4 è U = 12/pi
2
. Òîãäà:
xmax = 1/4 è u(xmax, t)t→∞/Tl = 35/8 = 4.375.
×èñëåííûé àíàëèç ýòîé îðìóëû èçîáðàæåí íà èñ. 4. Ñ òå÷å-
íèåì âðåìåíè òåìïåðàòóðà êîíöîâ ñòåðæíÿ íå ìåíÿåòñÿ, â òî âðåìÿ
êàê òåìïåðàòóðà âäîëü ñòåðæíÿ ïàäàåò è óæå äëÿ ìîìåíòà âðåìå-
íè t = 10 âûõîäèò íà ñâîå ïðåäåëüíîå çíà÷åíèå, ìàêñèìóì êîòîðîãî
ñîâïàäàåò ñ âû÷èñëåííûì âûøå çíà÷åíèåì.
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2
èñ. 4: Íà ðèñóíêàõ ïðèâåäåíà çàâèñèìîñòü òåìïåðàòóðû ñòåðæíÿ îò âðåìåíè
â åäèíèöàõ òåìïåðàòóðû ïðàâîãî êîíöà Tl äëÿ òðåõ çíà÷åíèé íà÷àëüíîé òåìïå-
ðàòóðû: Ti = 0.5, 2.5, 4.5. Çà åäèíèöó âðåìåíè ïðèíÿòà âåëè÷èíà t
∗
= l2/pi2a2,
à çà åäèíèöó äëèíû  äëèíà ñòåðæíÿ, ìîùíîñòü èñòî÷íèêà â åäèíèöàõ Tl/t
∗
.
Áîëüøàÿ òîëùèíà ëèíèè ñîîòâåòñòâóåò áîëüøåìó ìîìåíòó âðåìåíè.
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2 Òåêñòû èíäèâèäóàëüíûõ çàäàíèé
Ïîÿñíåíèÿ ê ãðàè÷åñêîìó èçîáðàæåíèþ ðàñïðåäåëåíèÿ òåìïåðà-
òóðû â ðàçëè÷íûå ìîìåíòû âðåìåíè. Çà åäèíèöó âðåìåíè ïðèíÿòü
t∗ = 1/λ21a
2
, ò.å. çàìåíèòü âðåìÿ t → t/λ21a
2
; òåìïåðàòóðó èçìåðÿòü
â åäèíèöàõ òåìïåðàòóðû ïðàâîãî êîíöà Tl, ò.å. çàìåíèòü Tl → 1; çà
åäèíèöó äëèíû ïðèíÿòü äëèíó ñòåðæíÿ l, ò.å. çàìåíèòü x/l → x; T ′0
èçìåðÿòü â åäèíèöàõ Tl/t
∗
.
1. Íàéòè çàêîí ðàñïðåäåëåíèÿ òåìïåðàòóðû âíóòðè ñòåðæíÿ äëèíû
l, ðàñïîëîæåííîãî íà îòðåçêå [0, l], åñëè â íà÷àëüíûé ìîìåíò òåìïå-
ðàòóðà âíóòðè ñòåðæíÿ áûëà ðàñïðåäåëåíà ïî çàêîíó f(x). Íà ïðà-
âîì êîíöå ñòåðæíÿ ïîääåðæèâàåòñÿ ïîñòîÿííàÿ òåìïåðàòóðà, ðàâíàÿ
òåìïåðàòóðå îêðóæàþùåé ñðåäû Tl; íà ëåâîì êîíöå ïîääåðæèâàåò-
ñÿ ïîñòîÿííàÿ òåìïåðàòóðà, ðàâíàÿ òåìïåðàòóðå îêðóæàþùåé ñðåäû
T0, âíåøíèå èñòî÷íèêè òåïëà îòñóòñòâóþò. ðàè÷åñêè èçîáðàçèòü
ðàñïðåäåëåíèå òåìïåðàòóðû â ðàçëè÷íûå ìîìåíòû âðåìåíè.
2. Íàéòè çàêîí ðàñïðåäåëåíèÿ òåìïåðàòóðû âíóòðè ñòåðæíÿ äëèíû
l, ðàñïîëîæåííîãî íà îòðåçêå [0, l], åñëè â íà÷àëüíûé ìîìåíò òåìïå-
ðàòóðà âíóòðè ñòåðæíÿ áûëà ðàñïðåäåëåíà ïî çàêîíó f(x). Íà ïðà-
âîì êîíöå ñòåðæíÿ ïîääåðæèâàåòñÿ ïîñòîÿííàÿ òåìïåðàòóðà, ðàâíàÿ
òåìïåðàòóðå îêðóæàþùåé ñðåäû Tl, à íà ëåâîì êîíöå òåìïåðàòóðà
ìåíÿåòñÿ, íî ñ ïîñòîÿííûì ãðàäèåíòîì, ðàâíûì T ′0, âíåøíèå èñòî÷-
íèêè òåïëà îòñóòñòâóþò. ðàè÷åñêè èçîáðàçèòü ðàñïðåäåëåíèå òåì-
ïåðàòóðû â ðàçëè÷íûå ìîìåíòû âðåìåíè.
3. Íàéòè çàêîí ðàñïðåäåëåíèÿ òåìïåðàòóðû âíóòðè ñòåðæíÿ äëèíû
l, ðàñïîëîæåííîãî íà îòðåçêå [0, l], åñëè â íà÷àëüíûé ìîìåíò òåìïå-
ðàòóðà âíóòðè ñòåðæíÿ áûëà ðàñïðåäåëåíà ïî çàêîíó f(x). Íà ïðà-
âîì êîíöå ñòåðæíÿ ïîääåðæèâàåòñÿ ïîñòîÿííàÿ òåìïåðàòóðà, ðàâíàÿ
òåìïåðàòóðå îêðóæàþùåé ñðåäû Tl; íà ëåâîì êîíöå ïîääåðæèâàåò-
ñÿ ïîñòîÿííàÿ òåìïåðàòóðà, ðàâíàÿ òåìïåðàòóðå îêðóæàþùåé ñðåäû
T0, èìååòñÿ èñòî÷íèê òåïëà, ìîùíîñòü êîòîðîãî çàäàåòñÿ óíêöèåé
G. ðàè÷åñêè èçîáðàçèòü ðàñïðåäåëåíèå òåìïåðàòóðû â ðàçëè÷íûå
ìîìåíòû âðåìåíè.
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1
1. f(x) = T
{
x(l/4−x)
l2 , 0 ≤ x ≤ l/4
0 , l/4 ≤ x ≤ l
.
2. f(x) = T
{
3x2
l2 , 0 ≤ x ≤ l/2
3(x−l)2
l2 , l/2 ≤ x ≤ l
.
3. G = g xl , f(x) = T
{
0 , 0 ≤ x ≤ l/4
(x−l)(l/4−x)
l2 , l/4 ≤ x ≤ l
.
4. G = g
(
e
x
2l − 3x
2
4l2
)
cos pivtl , f(x) = 0, F (x) =
{
3x2
l , 0 ≤ x ≤ l/4
(x−l)2
3l , l/4 ≤ x ≤ l
5.
φ = g
(
e−
pivt
l − 1
)
ψ = 0
, F (x) = 0, f(x) =


0, 0 ≤ x ≤ l/4
(x− l
4
)( 3l
4
−x)
h , l/4 ≤ x ≤ 3l/4
0, 3l/4 ≤ x ≤ l
2
1. f(x) = T x−ll sin
2pix
l .
2. f(x) = T
{
4(1− cos pixl ) , 0 ≤ x ≤ l/2
16(x−l)2
l2 , l/2 ≤ x ≤ l
.
3. G = g x
2
l2 , f(x) = T
x2
l2 sin
pix
l .
4. G = g xl cos
pivt
l , F (x) = 0 , f(x) =
{
4l(1− cos pixl ), 0 ≤ x ≤ 3l/4
64(x−l)2
l (1 +
√
2
2 ),3l/4 ≤ x ≤ l
5.
ψ = g vtl e
−2pivt/l
φ = 0
, f(x) = 0 , F (x) = |x− l2 | sin
2pix
l .
3
1. f(x) = T
{
0 , 0 ≤ x ≤ l/4
(x−l)(l/4−x)
l2 , l/4 ≤ x ≤ l
.
2. f(x) = T
{
− 3x
2
l2 , 0 ≤ x ≤ l/3
− 3(x−l)
2
4l2 , l/3 ≤ x ≤ l
.
3. G = gex/l, f(x) = T
{
0 , 0 ≤ x ≤ l/2
(x−l)(l/2−x)
l2 , l/2 ≤ x ≤ l
.
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4. G = g
(
x
l −
6x2
l2
)
sin 3pivtl , f(x) = 0, F (x) =
{
− 3x
2
l , 0 ≤ x ≤ l/5
− 3(x−l)
2
16l , l/5 ≤ x ≤ l
5.
φ = g v
2t2
l2 e
−3pivt/l
ψ = 0
, F (x) = 0, f(x) =
{
x(3l/4−x)
h , 0 ≤ x ≤ 3l/4
0, 3l/4 ≤ x ≤ l
.
4
1. f(x) = T x
2
l2 sin
pix
l .
2. f(x) = T
{
4(1− cos pixl ) , 0 ≤ x ≤ 3l/4
64(x−l)2
l2 (1 +
√
2
2 ) , 3l/4 ≤ x ≤ l
.
3. G = ge2x/l, f(x) = T (x−l)
2
l2 sin
pix
2l .
4. G = g 4xl cos
2pivt
l , F (x) = 0, f(x) =
{
− l3 (1− cos
pix
l ), 0 ≤ x ≤ l/2
− 43l (x− l)
2, l/2 ≤ x ≤ l
5.
ψ = g
(
epivt/l − 1
)
φ = 0
, f(x) = 0 , F (x) = (x−l)
2
h sin
pix
4l .
5
1. f(x) = T
{
0 , 0 ≤ x ≤ l/2
(x−l)(l/2−x)
l2 , l/2 ≤ x ≤ l
.
2. f(x) = T
{
3x2
l2 , 0 ≤ x ≤ l/4
(x−l)2
3l2 , l/4 ≤ x ≤ l
.
3. G = g
(
2x
l + 4
)
, f(x) = T


0, 0 ≤ x ≤ l/4
(x−l/4)(3l/4−x)
l2 , l/4 ≤ x ≤ 3l/4
0, 3l/4 ≤ x ≤ l
4. G = g
(
3x
l − e
− x
l
)
sin 2pivtl , f(x) = 0, F (x) =
{
3
l x
2, 0 ≤ x ≤ l/6
3
25l (x − 2)
2,l/6 ≤ x ≤ l
5.
φ = g vtl e
−pivt
l
ψ = 0
, F (x) = 0, f(x) =
{
0, 0 ≤ x ≤ 3l/4
(x−l)(3l/4−x)
h , 3l/4 ≤ x ≤ l
6
1. f(x) = T (x−l)
2
l2 sin
pix
2l .
2. f(x) = T
{
4(1− cos pixl ) , 0 ≤ x ≤ l/3
9(x−l)2
2l2 , l/3 ≤ x ≤ l
.
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3. G = g 4xl , f(x) = T |
x
l −
1
2 | sin
2pix
l .
4. G = g x3l cos
3pivt
l , F (x) = 0, f(x) =
{
− l3 (1 − cos
pix
l ), 0 ≤ x ≤ l/2
− 43l (x− l)
2, l/2 ≤ x ≤ l
5.
ψ = g v
2t2
l2 e
2pivt/l
φ = 0
, f(x) = 0 , F (x) = x(x−l)h cos
pix
4l .
7
1. f(x) = T


0 , 0 ≤ x ≤ l/4
(x−l/4)(3l/4−x)
l2 , l/4 ≤ x ≤ 3l/4
0 , 3l/4 ≤ x ≤ l
.
2. f(x) = T
{
− 3x
2
l2 , 0 ≤ x ≤ l/5
− 3(x−l)
2
16l2 , l/5 ≤ x ≤ l
.
3. G = g 2x
2
l2 , f(x) = T
{
x(3l/4−x)
l2 , 0 ≤ x ≤ 3l/4
0 , 3l/4 ≤ x ≤ l
.
4. G = g
(
1− e−
2x
l
)
sin pivtl , f(x) = 0, F (x) =
{
3
l x
2, 0 ≤ x ≤ l/7
1
12l (x− l)
2,l/7 ≤ x ≤ l
5.
φ = g
(
e
3pivt
l − 1
)
ψ = 0
, F (x) = 0, f(x) =


0, 0 ≤ x ≤ l/4
(x−l/4)(l/2−x)
h ,l/4 ≤ x ≤ l/2
0, l/2 ≤ x ≤ l
8
1. f(x) = T
|x− l
2
|
l sin
2pix
l .
2. f(x) = T
{
− 13 (1 − cos
pix
l ) , 0 ≤ x ≤ l/2
− 43l2 (x− l)
2 , l/2 ≤ x ≤ l
.
3. G = g
(
ex/l + 1
)
, f(x) = T (x−l)
2
l2 sin
pix
4l .
4. G = g x
2
l2 sin
pivt
l , F (x) = 0, f(x) =
{
− l5 (1− cos
pix
l ), 0 ≤ x ≤ l/3
− 940l (x− l)
2 l/3 ≤ x ≤ l
5.
ψ = g
(
e−pivt/l − epivt/l
)
φ = 0
, f(x) = 0 , F (x) = x(x−l)h cos
2pix
l .
9
1. f(x) = T
{
x(3l/4−x)
l2 , 0 ≤ x ≤ 3l/4
0 , 3l/4 ≤ x ≤ l
.
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2. f(x) = T
{
3
l2x
2 , 0 ≤ x ≤ l/6
3
25l2 (x− 2)
2 l/6 ≤ x ≤ l
.
3. G = ge−2x/l, f(x) = T
{
0 , 0 ≤ x ≤ 3l/4
(x−l)(3l/4−x)
l2 , 3l/4 ≤ x ≤ l
.
4. G = g
(
3x
l − e
− x
l
)
cos 3pivtl , f(x) = 0, F (x) =
{
3
l x
2, 0 ≤ x ≤ l/8
3
49l (x− l)
2,l/8 ≤ x ≤ l
5.
φ = g
(
e−
pivt
2l − e
pivt
2l
)
ψ = 0
, F (x) = 0, f(x) =


0, 0 ≤ x ≤ l/8
(x− l
8
)( l
2
−x)
h ,l/8 ≤ x ≤ l/2
0, l/2 ≤ x ≤ l
10
1. f(x) = T (x−l)
2
l2 sin
pix
4l .
2. f(x) =
{
4(1− cos pixl ) , 0 ≤ x ≤ l/4
64
9l2 (1−
√
2
2 )(x − l)
2 l/4 ≤ x ≤ l
.
3. G = g
(
3x2
l2 −
x
l
)
, f(x) = T x(x−l)l2 cos
pix
4l .
4. G = g x
2
l2 sin
2pivt
l , F (x) = 0, f(x) =
{
4l(1− cos pixl ), 0 ≤ x ≤ l/5
25
4l (1− cos
pi
5 )(x − l)
2,l/5 ≤ x ≤ l
5.
ψ = g vtl e
pivt/2l
φ = 0
, f(x) = 0 , F (x) = x(x−l)h cos
pix
l .
11
1. f(x) = T
{
0 , 0 ≤ x ≤ 3l/4
(x−l)(3l/4−x)
l2 , 3l/4 ≤ x ≤ l
.
2. f(x) = T
{
3
l2x
2 , 0 ≤ x ≤ l/7
1
12l2 (x− l)
2 , l/7 ≤ x ≤ l
.
3. G = g x3l , f(x) = T


0 , 0 ≤ x ≤ l/4
(x−l/4)(l/2−x)
l2 , l/4 ≤ x ≤ l/2
0 , l/2 ≤ x ≤ l
.
4. G = g
(
x2
l2 + e
x
l
)
cos 2pivtl , f(x) = 0, F (x) =
{
3
l x
2, 0 ≤ x ≤ l/9
3
64l (x− l)
2,l/9 ≤ x ≤ l
5.
φ = g v
2t2
l2 e
−pivt
3l
ψ = 0
, F (x) = 0, f(x) =


0, 0 ≤ x ≤ l/8
(x− l
8
)( l
4
−x)
h , l/8 ≤ x ≤ l/4
0, l/4 ≤ x ≤ l
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12
1. f(x) = T x(x−l)l2 cos
pix
4l .
2. f(x) = T
{
− 15 (1 − cos
pix
l ) , 0 ≤ x ≤ l/3
− 940l2 (x− l)
2 l/3 ≤ x ≤ l
.
3. G = g x
2
6l2 , f(x) = T
x(x−l)
l2 cos
2pix
l .
4. G = g x
2
6l2 sin
3pivt
l , F (x) = 0, f(x) =
{
−7l(1− cos pixl ), 0 ≤ x ≤ l/3
− 6318l (x− l)
2, l/3 ≤ x ≤ l
5.
ψ = g vtl e
pivt/3l
φ = 0
, f(x) = 0 , F (x) = |x− l2 | sin
pix
l .
13
1. f(x) = T


0 , 0 ≤ x ≤ l/4
(x−l/4)(l/2−x)
l2 , l/4 ≤ x ≤ l/2
0 , l/2 ≤ x ≤ l
.
2. f(x) = T
{
3
l2x
2 , 0 ≤ x ≤ l/8
3
49l2 (x− l)
2 , l/8 ≤ x ≤ l
.
3. G = g
(
x
l + e
− x
l
)
, f(x) = T


0, 0 ≤ x ≤ l/8
(x− l
8
)( l
2
−x)
l2 , l/8 ≤ x ≤ l/2
0, l/2 ≤ x ≤ l
4. G = g
(
x
l + 3
)2
cos pivtl , f(x) = 0, F (x) =
{
1
7lx
2, 0 ≤ x ≤ l/2
1
7l (x− l)
2, l/2 ≤ x ≤ l
5.
φ = g vtl
(
e−
pivt
l − e
pivt
l
)
ψ = 0
, F (x) = 0, f(x) =
{
x( l
8
−x)
h , 0 ≤ x ≤ l/8
0, l/8 ≤ x ≤ l
14
1. f(x) = T x(x−l)l2 cos
2pix
l .
2. f(x) = T
{
4(1− cos pixl ) , 0 ≤ x ≤ l/5
25
4l2 (1− cos
pi
5 )(x− l)
2 , l/5 ≤ x ≤ l
.
3. G = gex/4l, f(x) = T x(x−l)l2 cos
pix
l .
4. G = g 3x2l sin
pivt
l , F (x) = 0, f(x) =
{
4l(1− cos pixl ), 0 ≤ x ≤ l/6
9
25l (1−
√
3
2 )(x− l)
2,l/6 ≤ x ≤ l
5.
ψ = g
(
e−2pivt/l − e2pivt/l
)
φ = 0
, f(x) = 0 , F (x) = (x− l) sin pix2l .
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15
1. f(x) = T


0 , 0 ≤ x ≤ l/8
(x−l/8)(l/2−x)
l2 , l/8 ≤ x ≤ l/2
0 , l/2 ≤ x ≤ l
.
2. f(x) = T
{
3
l2x
2 , 0 ≤ x ≤ l/9
3
64l2 (x− l)
2 , l/9 ≤ x ≤ l
.
3. G = g
(
1− 4xl
)2
, f(x) = T


0, 0 ≤ x ≤ l/8
(x− l
8
)( l
4
−x)
l2 , l/8 ≤ x ≤ l/4
0, l/4 ≤ x ≤ l
4. G = g
(
x
l + e
− x
l
)
cos 3pivtl , f(x) = 0, F (x) =
{
1
7lx
2, 0 ≤ x ≤ l/3
1
28l (x− l)
2,l/3 ≤ x ≤ l
5.
φ = g vtl e
2pivt
l
ψ = 0
, F (x) = 0, f(x) =
{
0, 0 ≤ x ≤ l/8
(x−l)( l
8
−x)
h , l/8 ≤ x ≤ l
16
1. f(x) = T x(x−l)l2 cos
pix
l .
2. f(x) =
{
−7(1− cos pixl ) , 0 ≤ x ≤ l/3
− 6318l2 (x− l)
2 , l/3 ≤ x ≤ l
.
3. G = g 3x2l , f(x) = |
x
l −
1
2 | sin
pix
l .
4. G = ge
x
l cos pivtl , F (x) = 0, f(x) =
{
− l6 (1 − cos
pix
l ), 0 ≤ x ≤ 2l/3
− 94l (x− l)
2, 2l/3 ≤ x ≤ l
5.
ψ = g
(
e−3pivt/l − e3pivt/l
)
φ = 0
, f(x) = 0 , F (x) = x sin 2pixl .
17
1. f(x) = T


0 , 0 ≤ x ≤ l/8
(x−l/8)(l/4−x)
l2 , l/8 ≤ x ≤ l/4
0 , l/4 ≤ x ≤ l
.
2. f(x) = T
{
1
7l2 x
2 , 0 ≤ x ≤ l/2
1
7l2 (x− l)
2 , l/2 ≤ x ≤ l
.
3. G = g 3x
2
4l2 , f(x) = T
{
x(l/8−x)
l2 , 0 ≤ x ≤ l/8
0 , l/8 ≤ x ≤ l
.
 24 
4. G = g
(
e
x
l + 1
)
cos 2pivtl , f(x) = 0, F (x) =
{
1
7lx
2, 0 ≤ x ≤ l/4
1
63l (x − l)
2, l/4 ≤ x ≤ l
5.
φ = g vtl e
4pivt
l
ψ = 0
, F (x) = 0, f(x) =
{
x(x− 3l
8
)
h , 0 ≤ x ≤ 3l/8
0, 3l/8 ≤ x ≤ l
18
1. f(x) = T
|x− l
2
|
l sin
pix
l .
2. f(x) = T
{
4(1− cos pixl ) , 0 ≤ x ≤ l/6
9
25l2 (1−
√
3
2 )(x − l)
2 , l/6 ≤ x ≤ l
.
3. G = g
(
2x2
l2 + e
x/l
)
, f(x) = (xl − 1) sin
pix
2l .
4. G = ge
2x
l sin pivtl , F (x) = 0, f(x) =
{
4l(1− cos pixl ), 0 ≤ x ≤ l/7
49
9l (1− cos
pi
7 )(x− l)
2,l/7 ≤ x ≤ l
5.
ψ = g
(
e−pivt/2l − epivt/2l
)
φ = 0
, f(x) = 0 , F (x) = x(x−l)h cos
pix
2l .
19
1. f(x) = T
{
x(l/8−x)
l2 , 0 ≤ x ≤ l/8
0 , l/8 ≤ x ≤ l
.
2. f(x) = T
{
1
7l2 x
2 , 0 ≤ x ≤ l/3
1
28l2 (x− l)
2 , l/3 ≤ x ≤ l
.
3. G = g
(
1− e−
2x
l
)
, f(x) = T
{
0, 0 ≤ x ≤ l/8
(x−l)( l
8
−x)
l2 , l/8 ≤ x ≤ l
4. G = g
(
3x2
l2 −
x
l
)
cos 2pivtl , f(x) = 0, F (x) =
{
1
7lx
2, 0 ≤ x ≤ 2l/3
4
7l (x− l)
2,2l/3 ≤ x ≤ l
5.
φ = g vtl e
pivt
2l
ψ = 0
, F (x) = 0, f(x) =
{
0, 0 ≤ x ≤ 3l/8
(x−l)(x− 3l
8
)
h , 3l/8 ≤ x ≤ l
20
1. f(x) = T x−ll sin
pix
2l .
2. f(x) = T
{
− 16 (1 − cos
pix
l ) , 0 ≤ x ≤ 2l/3
− 94l2 (x− l)
2 , 2l/3 ≤ x ≤ l
.
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3. G = g
(
x
l −
6x2
l2
)
, f(x) = xl sin
2pix
l .
4. G = g
(
1− xl
)2
cos 3pivtl , F (x) = 0,f(x) =
{
2l(1− cos pixl ), 0 ≤ x ≤ 2l/3
27
l (x− l)
2, 2l/3 ≤ x ≤ l
5.
ψ = g vtl e
−pivt/3l
φ = 0
, f(x) = 0 , F (x) = (x− l) sin 2pixl .
21
1. f(x) = T
{
0 , 0 ≤ x ≤ l/8
(x−l)(l/8−x)
l2 , l/8 ≤ x ≤ l
.
2. f(x) = T
{
1
7l2 x
2 , 0 ≤ x ≤ l/4
1
63l2 (x− l)
2 , l/4 ≤ x ≤ l
.
3. G = g
(
x
l − 1
)
, f(x) = T
{
x(x−3l/8)
l2 , 0 ≤ x ≤ 3l/8
0 , 3l/8 ≤ x ≤ l
.
4. G = g
(
x
l − 1
)
sin 2pivtl , f(x) = 0, F (x) =
{
4l(1− cos pixl ),0 ≤ x ≤ 2l/3
54
l (x− l)
2, 2l/3 ≤ x ≤ l
5.
φ = g
(
e−
pivt
4l − e
pivt
4l
)
ψ = 0
, F (x) = 0, f(x) =
{
0, 0 ≤ x ≤ l/4
(x−l)( l
4
−x)
h , l/4 ≤ x ≤ l
22
1. f(x) = T xl sin
2pix
l .
2. f(x) = T
{
4(1− cos pixl ) , 0 ≤ x ≤ l/7
49
9l2 (1− cos
pi
7 )(x− l)
2 , l/7 ≤ x ≤ l
.
3. G = g
(
x
l + 3
)2
, f(x) = T x(x−l)l2 cos
pix
2l .
4. G = g 3x
2
4l2 sin
3pivt
l , F (x) = 0, f(x) =
{
4l(1− cos pixl ), 0 ≤ x ≤ l/2
16(x−l)2
l , l/2 ≤ x ≤ l
5.
ψ = g v
2t2
l2 e
pivt/4l
φ = 0
, f(x) = 0 , F (x) = x
2
h sin
pix
l .
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23
1. f(x) = T
{
x(x−3l/8)
l2 , 0 ≤ x ≤ 3l/8
0 , 3l/8 ≤ x ≤ l
.
2. f(x) = T
{
1
7l2 x
2 , 0 ≤ x ≤ 2l/3
4
7l2 (x− l)
2 , 2l/3 ≤ x ≤ l
.
3. G = g
(
3x
l − e
− x
l
)
, f(x) = T
{
0, 0 ≤ x ≤ 3l/8
(x−l)(x− 3l
8
)
l2 , 3l/8 ≤ x ≤ l
4. G = g
(
2x
l + 4
)
cos pivtl , f(x) = 0, F (x) =
{
− 3x
2
l , 0 ≤ x ≤ l/3
− 3(x−l)
2
4l , l/3 ≤ x ≤ l
5.
φ = g vtl
(
e−
pivt
l − e
pivt
l
)
ψ = 0
, F (x) = 0, f(x) =
{
0, 0 ≤ x ≤ l/2
(x−l)( l
2
−x)
h ,l/2 ≤ x ≤ l24
1. f(x) = T x(x−l)l2 cos
pix
2l .
2. f(x) = T
{
−2(1− cos pixl ) , 0 ≤ x ≤ 2l/3
− 27l2 (x − l)
2 , 2l/3 ≤ x ≤ l
.
3. G = g
(
x
2l + e
2x/l
)
, f(x) = (xl − 1) sin
2pix
l .
4. G = ge−
2x
l sin 2pivtl , F (x) = 0, f(x) =
{
4l(1− cos pixl ), 0 ≤ x ≤ 3l/4
64(x−l)2
l (1 +
√
2
2 ),3l/4 ≤ x ≤ l
5.
ψ = g
(
epivt/l − e−pivt/2l
)
φ = 0
, f(x) = 0 , F (x) = (x−l)
2
h sin
pix
2l .
25
1. f(x) = T
{
0 , 0 ≤ x ≤ 3l/8
(x−l)(x−3l/8)
l2 , 3l/8 ≤ x ≤ l
.
2. f(x) = T
{
4(1− cos pixl ) , 0 ≤ x ≤ 2l/3
54
l2 (x− l)
2 , 2l/3 ≤ x ≤ l
.
3. G = g
(
e
x
2l − 3x
2
4l
)
, f(x) = T
{
x( l
4
−x)
l2 , 0 ≤ x ≤ l/4
0, l/4 ≤ x ≤ l
4. G = ge
x
4l sin 3pivtl , f(x) = 0, F (x) =
{
3x2
l , 0 ≤ x ≤ l/4
(x−l)2
3l , l/4 ≤ x ≤ l
5.
φ = g
(
e−
4pivt
l − e
pivt
2l
)
ψ = 0
, F (x) = 0, f(x) =
{
x( l
4
−x)
h ,0 ≤ x ≤ l/4
0, l/4 ≤ x ≤ l
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